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ABSTRACT 



The holomorphic homogeneous prepotential encoding the special geometry of 
the special Kahler manifolds iJ^JY^^^n^ * s constructed using the symplectic 
embedding of the isometry group SU(1, n) into Sp(2n + 2, R). Also the automor- 
phic functions of these manifolds are discussed. 
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Special geometry has emerged as an important structure in the study of su- 
pergravity and superstring theories [1-13]. This geometric structure arises in the 
study of the moduli spaces of N = 1 compactifications on Calabi-Yau manifolds, 
N = 2 supergravity theory and appears as a consequence of (2, 2) worldsheet su- 
perconformal field theory or TV = 2 supersymmetry in the target space. 

The concept of special Kahler geometry has first appeared in the physics lit- 
erature in the study of the coupling of an n vector multiplets to four dimensional 
N = 2 supergravity [2,3,4]. The lagrangian for the coupling of the vector multiplets 
was derived using the 

superconformal tensor calculus [2]. In addition to the hypermultiplets, the the- 
ory is described by introducing (n + 1) vector multiplets with scalar components 
X 1 , (I — 0, • • • , n), where the extra multiplet labelled by contains the gravipho- 
ton. The couplings were found to be described in terms of a holomorphic function 
F, referred to as the prepotential, of degree two in terms of the scalar fields defining 
an n-dimensional complex hypersurface defined by the gauge fixing condition 

*(X J F 7 - FtX 1 ) = 1. (1) 

Letting the X 1 be proportional to holomorphic sections Z I {z) of a projective 
(n + l)-dimensional space, where z is a set of n complex coordinates, then the 
z coordinates parametrize a Kahler space with metric g a p = d a dpK, where K, the 
Kahler potential is expressed by 

K = -logz(Z 7 Fj(Z) - F I (Z)Z I ) 

= -io 9 ( t <m>) = -^(z' FKZ))(_° 

X' = e K ' 2 Z'. 
Special coordinates correspond to the choice 

z ° = ^ Z°(z) = l, Z a (z) = z a . (3) 
The gauge kinetic terms, expressed in terms of the matrix Af, corresponding 
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to the (n + 1) vector are given by 



3 3 {ImF ah )X a X h 



Homogeneous symmetric special manifolds were classified in [5] with their cor- 
responding holomorphic prepotentials. In addition to four sporadic cases, the list 
of special Kahler manifolds includes two series, one of which is given in the form 
of a direct product, which have been proved to be the only allowed case [6]. These 
two series are given by 

SK(n + l)- SU ^~ 



u(i) so(2)®so( n y 

rp SU(l,n) [ ] 

n ~ M SU{n)®U{iy 



The classical holomorphic prepotentials for the manifolds SK(n+l) have been 
analyzed in [14]. There, the classical holomorphic function F was obtained in the 
spirit of the method of [15] in constructing the lagrangian of an abelian gauge 
theory with n gauge fields and a set of scalar fields parametrizing a coset space. 
In this construction, the duality transformations on the gauge sector of the theory 
are parametrized by the embedding of the isometry group of the coset space of 
the scalar fields into the group Sp(2n + 2,R) or Usp(n,n). Such an embedding 
can then be used to determine the dependence of the gauge kinetic terms on the 
scalar fields. In [14], the section (X A , Fa) is introduced as a symplectic vector. A 
relation between Fa and X A is then determined in an appropriate embedding of 
the isometries of SK(n + 1) into Sp(2n + 2, R). 

In this letter, the generalization of the results of [14] to the second infinite 
series of special manifolds CF n _i ; i, the so called minimal coupling, is performed. 
We construct their holomorphic prepotentials encoding their special geometry and 
discuss their automorphic functions which could serve as non-perturbative super- 
potentials for the scalar fields. 
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The isometry group of the cosets CP n _i ; i is given by the group SU(l,n). As 
a first step in the construction of the holomorphic function for these manifolds, we 
have to construct an embedding of their isometry group into the symplectic group 
Sp(2n + 2,R). 

We represent an element of SU(1, n) by the complex (n + 1) x (n + 1) matrix 
M satisfying the conditions 

M^M = 77, detM = l, (6) 

where rj is the constant diagonal metric with signature (+, —,•••,—). Decomposing 
the matrix M into its real and imaginary parts, 

M = U + iV, (7) 

then from (6) we obtain, for the real matrices U and V, the following relations 

U'r/U + V'r/V = 77, 

(8) 

U^V - V*7yU = 0. 

Represent an element of Sp(2n + 2, R) by the (2n + 2) x (2n + 2) real matrix ft, 
this element satisfies 



n f Ln = l, l = [ ^ J , (9) 



If we write 

/ A B 

D.I' <10) 
where the matrices A, B, C and D are (n + 1) x (n + 1) matrices, then in terms 
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of these component matrices, the condition in (9) implies the following conditions 



A*C-C t A = 0, A D — C B = I, B D — D B = 0. (11) 

An embedding of SU(1, n) into the symplectic group Sp(2n + 2, R) is given by 

A = U, C = -rjV, B = V?7, D = r/Ur/. (12) 

Having obtained an embedding Q e with matrix components as given in (12), the 
next step is to introduce the symplectic section (X A , Fa), where A = 0, • • • , n, and 
demand that it transforms as a vector under the symplectic transformations in- 
duced by f2 e . These transformation rules can then be used to determine the relation 
between Fa and the coordinates X A . In components, the symplectic transforma- 
tions are given by 

X ^VX + V v dF, 
dF -> -rjVX + rjUrjdF, 

where X and dF are (n + l)-dimensional complex vectors with components X A 
and Fa respectively. It is clear from the transformation relations (13) that dF can 
be identified with irjX, in which holomorphic function F exists and is given, 

in terms of the coordinates X, by 

F = % -XSX. (14) 

With the above relation, the complex vector X transforms as 

X -> (U + iV)X = MX. (15) 

This transformation implies that the complex vector X should be identified with 
the complex vector parametrizing the g^^^^p^ coset. The set of complex 
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coordinates parametrizing this coset satisfy the following relation 



(ftr)(j) = 1, where <f> 



(16) 



and are parametrized in terms of unconstrained coordinates z a by [17] 

0° = -^, <P = ^ «=l,---,n, (17) 

where Y = 1 — ^ a z a z a . Here we identify X with the complex vector -^0. The 
special coordinates in this case are given by z a and thus Z° — 1, Z a — z a , and 
the Kahler potential is given by 

K=-log{l-^z a z a ). (18) 

A different embedding of SU{\,n) into Sp(2n + 2, R) lead in general to a 
different relation between Fa and X A . In fact once an embedding f2 e is specified, 
then for symplectic transformations S G Sp(2n + 2, R), the matrix 

Q' e = SQ e S-\ (19) 

defines another embedding with a new section. As an example, consider the element 
Si G Sp(2n + 2, R), given by 

S -(o e)' (20) 

where 

o i)- -i)- (2i) 

Using (19) and (20) we obtain another embedding of SU(l,n) into Sp(2n + 2R) 
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given by 

/ SUE SV??S \ 
K=\ • (22) 

For this embedding, we define a new symplectic section (X', dF') which transforms 
as a vector under the action of Q! e . It is obvious that the two sections (X, dF) and 
(X 1 ', <9F ; ) are related by the following relations 

X' = SX, = EdF. (23) 

This in components lead to 

x> = -L(x° + xi), 
x* = -L(x°-xi), 

X'>=X>, j = 2,...,n, 



(24) 



F[ = ±(F -F 1 ) = ^=(X° + X 1 )= l X' , 
F'j = Fj = -iX* = -iX'K 

From these relations, it can be easily seen that there exists a holomorphic function 
F' which can be expressed in terms of X' by 

F' = i(x' Q X' 1 -±J2( X ' J ) 2 )- (25) 

In this case 

*> = !, Z" = i^, Z* = ^, (26) 
and the Kahler potential is given by 

K = -logiZ' 1 + Z' 1 - Z' 3 Z' j ). (27) 
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Formally, given two sections connected by a symplectic transformation 

CI E Sp(2n + 2, R), (28) 






then it can be shown that [1] 

1 / C* A C l B \ ( X \ 

F — - (X dF ) I . (29) 

2 l ; \^D*A D*B J \dFj 1 ^ 

Using (14), (29) and (20), the holomorphic function F' defined in (25) can be ob- 
tained. 

Finally, we discuss the automorphic function of CP{n — 1, 1), which in phys- 
ical terms might serve as a non-perturbative superpotential for the scalar fields, 
provided that the isometry group remains a nonperturbative symmetry. In [16] 
Ferrara et al, based on symmetry arguments, proposed an expression for the auto- 
morphic superpotential A for a special Kahler manifold with a symplectic section 
(X,dF), defined by 

log 1 1 A|| 2 = -[ log | MX + NdF\ 2 (30) 



M,N 



The constant vectors M, N define Sp(2n + 2, Z) orbits and transform in a 
conjugate way to that of (X, dF) in order for the expression (30) to be invariant 
under the symplectic transformations. 

Given the duality group T of a model with n physical scalar fields parametrizing 
a special Kahler manifold, the vector (X, dF) transforms by 



(31) 



where the matrix f2p is the embedding of the duality T group in Sp{2n + 2,Z). 
For (30) to be invariant under the duality transformations, we get the following 
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transformation for the numbers (M, N) 

-C'\ f M\ 

(32) 



M\ / D' — C \ ( M 
N J \-B' A' ) \ N 



For the case at hand, the symplectic transformation are those obtained by the 
embedding of SU(1, n) into Sp(2n + 2, Z). Such an embedding can be given by Q e 
for which (32) gives the 

following transformation 



M\ ( rjU'r] r)V'\ ( M 

n ) \ -v'n u' / I N 



(33) 



where U' and V are integer valued matrices. 

Using the expression of the prepotential corresponding to this embedding as 
given in (14), eq. (30) gives the following expression for the automorphic superpo- 
tential 



log||A|| 2 = -[Vlog|M rt X| 2 l , (34) 
L J ree 



- reg 

where M' is an (n+l)-dimensional complex vector with components given by 

Mq = Mq + iN , 

(35) 

M- = Mi-iNi, i = l,---,n. 
Under the action of the symplectic transformations (33), we have 

X^VIX, Q e SU(l,n, Z). (36) 

It can be easily shown that the following transformations for the quantum numbers 
hold, 

-> ir . (37) 

Eq. (35) thus gives an explicit relation between the numbers M, N and those 
parametrizing SU(l,n,Z) orbits. An explicit form of the automorphic function 
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can be obtained by using a regularization procedure such as the C-function regu- 
larization scheme [16,14]. 

To conclude, we have analysed the cosets CP(n — 1,1) with regard to the 
construction of the holomorphic function describing their special geometry. The 
knowledge of this function enables one to construct the lagrangian of the N = 2 
supergravity where the scalar fields of the vector supermultiplets parametrize the 
coset CP{n — 1,1). It should be mentioned, however, that our method always 
provides a relation between Fa and the coordinates X A . It may occur that for a 
particular embedding an F function does not exist. As a matter of fact, in some 
physically interesting cases, one needs a formulation of the theory in which an F 
function does not exist. This is the case in the study of perturbative corrections 
of vector coupling in N = 2 heterotic string vacua [18,19], and in the study of 
supersymmetry breaking of N = 2 supersymmetry down to N = 1 [20]. In this case, 
the physical quantities in the new basis, are obtained by performing a symplectic 
transformation on the physical quantities in a system of coordinates where an F 
function exists. 
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